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Abstract:

In this paper, focuses on the formulation and
investigation of two dimensional non-linear
Convection diffusion equations using the Crank—
Nicolson Petrov weak Galerkin finite element
approach. We apply weak Galerkin finite element
method and Petrov Galerkin finite element mothed.
we defining a space of the Petrov Weak Galerkin
finite element method that depends on a test function
space differs from the trial function space the value a
constant stability parameter of the delta parameter.
The stability and error estimate full-discrete is proved
and the approximate solutions are convergent with the
error ofO(h+ t). The analysis addresses stability
properties, derives error estimates, and establishes
optimal convergence rates in both the L?and H'norms
for the Petrov weak Galerkin finite element PWGFE
scheme. In addition, the numerical results of PWGFE
method show the convergence and accuracy of the
method. several numerical experiments are conducted
to validate the theoretical findings.

Keywords: Petrov Weak Galerkin Finite Element, Weak Galerkin Finite Element, Nonlinear
Convection Diffusion equation, the Stability, the error analysis.

1.Introduction:

In this paper, the study of convection—diffusion equations has attracted increasing attention from
researchers in engineering and applied mathematics. One of the main difficulties in these
problems is the accurate resolution of boundary layer behavior, particularly in regimes, where
convective effects significantly outweigh diffusive ones. To address these numerical challenges,
stabilization techniques, such as upwind schemes and artificial viscosity are frequently
incorporated into finite difference and finite element formulations. In this context, we investigate
a Dirichlet boundary value problem for a nonlinear convection—diffusion equation, seeking to
determine an unknown function u = u(x,t)
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that satisfies the prescribed conditions (Kashkool, H. A)

Z_T; —V.(a@)Vu)+bw)-Vu+cu=f, Q x (0,T], (1.1)
ulx,t)y=g9, I'x (0,T], (1.2)
u(x,0) = u’(x); x€ Q, (1.3)

where Q —R? with the boundary I, Z—Z, and x = (xy,x),f = f(x,t) € Q x (0,T]are

given functions; also, a(u) is a diffusion coefficient; and convection—diffusion and nonlinear
function are denoted by b(u) , and ¢ = c(x) is scalar function on Q. Suppose that the matrix
a(u) satisfies the following property: there exists a constant A > 0 such that

AT <Ta(u)l, V] € R
where {7 is the transpose of vector {.

Numerical simulations and analysis for the problem (1.1-1.3) have been extensively investigated
in recent decades. A wide range of numerical techniques has been developed to address non-
linear convection—diffusion equations. For instance, (Liu and Liu, 2018) investigated numerical
approaches for identifying diffusion parameters in nonlinear settings. (Chan et al., 2014) proposed a
dual Petrov—Galerkin finite element formulation tailored for higher-order convection—diffusion
problems. An upwind finite volume element strategy for nonlinear cases was explored by (Gao
and Yuan., 2009), while (Fatehi et al .,2009) extended a modified finite-volume Eulerian—Lagrangian
localized adjoint approach to nonlinear convection—diffusion equations. Further contributions
include the work of ( Havle et al., 2010), who analyzed discontinuous Galerkin finite element
methods for the spatial semi discretization of nonlinear, time-dependent convection—diffusion
problems, and (Dolejsi et al., 2005), who applied similar techniques to nonlinear convection—
diffusion models. ( Cockburn and Shu ,1998) examined local discontinuous Galerkin methods for
nonlinear, time-dependent convection—diffusion systems. (Xikui and Wenhua ,1999) developed a
finite element framework for solving transient, multidimensional convection—diffusion
equations, whereas ( Salhi et al., 2021) employed the Galerkin—characteristic finite element method
for time-dependent convection—diffusion problems. The weak Galerkin finite element method
has gained considerable attention since its initial introduction by (Wang and Ye, 2013) for general
elliptic equations. Subsequently, this method has been widely applied to both linear and
nonlinear convection—diffusion problems. ( Li and Wang 2013) extended the weak Galerkin
framework to parabolic equations, while (Gao et al., 2013) designed numerical schemes based on
weak Galerkin methods for certain Sobolev-type problems. Applications to fluid dynamics
include the work of (zhang and Lin, 2019) on stationary Navier—Stokes equations. (Cheichan, and
Kashkool , 2019 )utilized the weak Galerkin method for one- and two-dimensional nonlinear
convection—diffusion equations, as well as for two-dimensional linear problems. (Hussein ,2020)
applied this approach to coupled one- and two-dimensional Burger’s equations. Additionally,
(Song et al.,2021) proposed an over-penalized weak Galerkin method for elliptic interface problems
with discontinuous coefficients and non-homogeneous boundary conditions. (Abdullah and
Kashkool ., 2022) employed a weak Galerkin mixed finite element formulation to model two-
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dimensional incompressible immiscible fluid displacement in porous media.( Abdullah and
Kashkool., 2023) introduced the Weak Galerkin Method's Error Convergence for the Two-
Dimensional Non-Linear Convection-Diffusion Problem. (Aziz and Hussein., 2022) studied method
for the nonlinear Schrodinger problem using weak Galerkin finite elements.

In this study, we focus on a comprehensive analysis of a Petrov weak Galerkin finite element
method combined with the Crank—Nicolson time discretization for nonlinear convection—
diffusion equations. The structure of the paper is as follows. Section 2 Preliminary. Section 3
introduces the Petrov Galerkin Finite element method. Section 4 introduces the Petrov weak
Galerkin Spaces. Section 5 introduces the weak Galerkin variational formulation of the nonlinear
convection—diffusion problem. introduces the Petrov weak Galerkin method and Stability
properties of the proposed method are established in Section 6. Error estimates, together with
convergence results and optimal rates in the H*-norm and L2-norm under nonlinear assumptions,
are derived in Section 7. Finally, Section 8 presents numerical experiments that support and
confirm the theoretical findings.

2.Preliminary: In this section, we concentrate on the preliminaries, including some
definitions

Definition 2.1: (Weak function) (wang J. and Ye, X)

Let K be any polygonal domain with interior K° and boundary 0T . A weak function on the

region K refers to a function v = {v°, v} such that v° € L2(K) and v® € H72(8K). The first
component v° can be understood as the value of v in the interior of K , and the second
component v? s the value of v an the boundary of K .

The space of weak function denote by W (K) is defined as :
W(K) = {v = {v°,vP}:v° € L2(K),v® € H'/2(3K)
Definition 2 .2:(weak gradient operator) (wang J. and Ye, X)

Forany v € W(k), the weak gradient operator of v can be defined as a linear functional Vdv
in the dual space of H(div, k) whose action on each q € H(div, k) is given by

(Vdv,q)=—jv°l7 - qdk + vaq - nds,
Kk dk
where n is the outward normal direction to dk.

Definition 2.3 :(discrete weak gradient operator) (wang J. and Ye, X)

Denote by Pr(k) the set of polynomials on k with degree no more than r. For any non-negative
integer v > 0, let V (K,r) < [Pr(K)]? be a subspace of the space of vector-valued polynomials
of degree r. A discrete weak gradient operator, denoted by V., is defined so that V,,v €
V (K,r) c H(div,k) is the unique solution of the following equation
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derV‘ qdkz—fvo V- qdk+ fqu-nds,VqEV(K,r)
i ' A ok

3. Petrov Galerkin Finite Element method: (Keshaish and Kashkool, 2020)

Petrov Galerkin finite element method, whose ansatz(trail) function space and test function
space are different. Let ¢y be the ansatz (trail) space and ¢ be the test space with dimy =
dim ¢ , then the Petrov —Galerkin finite element mothed reads as follows: Find u € ¥ such
that

apc(w,v) = f(v) VvE ¢
Where
Y =Hy(@) ={v:iv €H () ;v |[r=0}

p={w:w=v+§p-Vv;v ey }

4. Petrov Weak Galerkin Spaces: When a test function space differs from the trial
function space, Petrov Weak Galerkin method is used. PWGFE method was defined in this
section. Let { T,} represent the family of triangulation shapes of which 0 < h < 1 represents.
P;(T?) denotes the set of polynomials on T° with a maximum degree of j, and P,(0T) stands
for the set of polynomials on T with a maximum degree of £. A weak function v = {v°, v?}
where  v° € P(T°) and v” € P,(dT) with j >0 and £ >0is called a discrete weak
functionv = {v°,vP}.

The discrete weak function space indicated by W (T, j, ) is
W(T,j,¢) = {v = {v°v"}:v° € P(T?),v" € P,(0T) - (4.1)

Patching across all of the triangles T € T,,would define the corresponding finite element space.
Equivalently said, the weak finite element space is defined as

Sh(G, ) = {v =v%v2}: {(v°,v?} |, eW(T,j,O),VTET,} . (4.2)
The S,,(j, £) 's subspace with vanishing boundary values on 4.2 is denoted as Sy (j, ).
e, SP(U,O) ={w="%v"}eSL(, ), v’ ornga =0 YT ET,}. (4.3)
Now, we define the Petrov weak Galerkin spaces.
Let i, be trail space and ¢ be a test space which are define
Y, = {v={°%vP} e W(T,j,£),VT € T}
¢, ={p:p=v"+6B-Vyrv ;v €Y}

and 0 ={v={w" v’} e, vPl5r ngn = O,VT € T}
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¢2={P‘P=v°+5ﬁ'|7d,rv;vEtpﬁ} (4.4)

In this context, " § " symbolize a constant stability parameter. It'll be designated as (Perella A. J.
(1996).

Eh if e<h

6= ; 0<éE< % , (small constant ).and dim ), = dim ¢_
0 if €=h

5. Weak Variational Formulation:

The Weak Variational Formulation for equation (1.1-1.3) is as follows: Find u € {u°, u’} €
W(T,j,£) such that

(g, v°) + (au(u)Vdquv) — Wb ).V v) — WV, b(w),v°) + (cu’,v®) = (f,v°)
(®(x,0),v) = (u°,v°) (5.1)

6. The Fully - Discrete Petrov Weak Galerkin (PWG) Variational
Formulation:

In equation (1.3) we replace v with w then the fully discrete PWG Find u)) € 1,

(Quf,v*)+@ul,6p- Va0 + (a(u)leru, lerv) + (cul),v°) + (cul,6 B - Va V)
— (w7, b, v°) = (ulV, bG),8 -7, v)— (ulbup),V,,v)
(fN,v°) + (f"’,c?ﬁ : lerv) vy = {v°,vP} e YO 6.1)

The time space [0, T] in a fully-discrete scheme is thus uniformly discretized by n+1 points

= Nt,N = 0,1,---,n, where the time step size ist = T /n.For any N > 1, a fully-
discrete Petrov weak Galerkin finite element method is constructed as follows. The Crank-
Nicolson Petrov weak Galerkin finite element solution. Find u}*! = (uy**%,u) *"?) € .. .
Fulfilling

N+1,0 _ N0 N+1,0 _ N0
Un __ TUn o)y M Tt 587, v)+(a(u¥)w up "+ uy v
T U T ’ d,rv alup dr 2 ’ d,rv

N+1,0 N,0 N+1,0 N,0
+<c f,v + c—,6ﬁ-|7d’rv

N+1,0 N+1,0
— (fb(u ); dT' ) (f d'rb(u’f];]); U0>
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yN+10, . NoO fN+LLpN
_( * 2 " Vd,rb(uﬁ)’é‘ﬁ.vd,rv) :( 2 'UO)+

N+1 N
(f Y S5B- Vd’rv) Vv = {v°,vP} e Yo (6.2)

2 )

6.1. Stability: In this section, we establish stability the Crank-Nicolson- Petrov weak Galerkin
finite element's stability by means of the following lemma.

Lemma 6.1: for the solution u ** of equation (6.2) with a positive constant k, , then
2 2 2
|uf*H|” < ksh [+ |Juf " + @+ 2+ o) [|lud®||” + 1Y+ £V)12

+12||Vgul ||° + ||B. Vol Y| (6.3)
Proof: In equation (6.2) select v = uj **
(ug+1,0 _ uﬁ,o,ug+1,0) + (UIIXH’O _ u}I:I,O' 6Bvd’rui1:l+1,0)

N+1,0 N,0
N,0 Uy Uy

ullyﬂ’o + u}l:l,o N+1,0 u}1:1+1,0 + u}I:I,O N+1,0
+ ch,uh + | Tc - 8BV 4, uy

N+1,0 N,0 N+1,0 N,0
u +u u +u
B h h h

S b, V™) = (1 v )

N+1,0 N,0
u +u

N+1 N
+
T f f uN+1,0>

Varbuf)), SBVd,rurIYH) = < > Uy

N+1+ N
+<T—f > / ,6BVd,ru,1:'+1‘0>

Suppose the above equations is Y7, E® = E®

Using the inequality ((y — a,y) = %(Ilyll2 — |la]l®) [10] , we have
1 2 2
1B 2 5 ([l 2 = ).
By using by Cauchy — Schwartz inequality and Young's - inequality, we get;

1 1
B2 1 < (Jub " + 2 81180, [ = Al 12 + 5 8l|BVarul |
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By (Abdullah and Kashkool 2023) |E3| < k h=1|[ull+2||* + 72 wz [Vl
By using by Cauchy — Schwartz inequality and Young's - inequality, we get;
B4 < ya e+ o)y O + g
1E51 < wellu 0 4 7 6189 + el uf | +3 81|l
e S T
71 < v+ e)[uy ™I + [lup|

571 < e + )BT+ [+ )

72 2 72 2
B9 < e [ I+ I+ £U02 o SlB Va7 + 1Y 4 Y12
Then the above equation becomes

1572 1 2
TR L t2) — o) |[u) O + 20N + V)2

(k + y)h 2" < (

2 ”a(u,’l”

5 &12 ) N7 , 3 2
—(y4(‘r +12)8 + 3 + Te ||BVd'ruﬁ+1|| -1 T ” ||Vd,ru,’;’+1|| — (5 +1%2 4 T)||u,1\L"0||

Then
[l " < ke [ @+ 72+ Dl 0 + @+ 22+ o) [l + 1PV + V)1
+72||Vg,ul ||° + || B. Vo, ul |

1 15 5 & ||a(uﬁ'0)||2 3
Where k; = max{—=,—,—y;,—¢,2,—=,——, —1— 2
16 8’ 16 16 2

> [k +v2) u

) ) )

7. Error Analysis of the Fully-Discrete Petrov Weak Galerkin Finite Element
Scheme.

In this section, we obtain an error estimates for the Petrov weak Galerkin finite element
method (6.2). we begin by determining an error equation for a weak Galerkin
approximation u** using the Crank-Nicolson method. In the Petrov weak Galerkin finite
element space .., h and the L? projection of the exact solution u} **will demonstrate the error
estimate for the L? norm and H* norm, and consequently, the optimal order error estimate for
each.
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7.1: The Error Equation of the Fully — Discrete Scheme.

An error equation is given by the following Lemma 6.1. for analyzing the difference between an

L? projection of the exact solution ujy ** of the original problem and a numerical solution u) **

from the Petrov weak Galerkin finite element approximation. Let V+10 = Q,uN*t — ¢/ *1 =

{QhuN+1,o _ ug+1,0’ QhuN+1,b _ uﬁﬂ’b} — {9N+1,06N+1,b}

Lemma 7.1: Let ull*? be the solution of (6.2) then for each Let v € 2 the error equation is

9N+1,0 _ HN'O 6N+1‘0 _ HN’O
(G Y iy

6N+1‘0 + HN 0N+1,0 + HN'O
+(a(u2”0)vd,r (f , Vd,rv> + <C f , U0>

ON+LO 4 gNp(yN ) 7
;6ﬁvd,r'l7>—( 2( r ) ar )

( 9N+1,0+6N,0
tHe——F—

9N+1,0 + QN,O 9N+1,0 + BN’O
- <f Vb, vO) - <f 7, b, 5ﬁvd,rv> -

N+, N+1,
QhuN“'O—QhuN'O B auh+1o 0 N QhuN“'o—QhuN‘o _ 6uh+1o 587 71
T ot v T at B ar?) 7.1

Proof : Using the operator projection Q;, from the bilinear equation (6.2)

QhuN+1+QhuN QhuN+1,0+QhuN,0 vo)
)
(T'jlf)

N,0
(a(uh )Vd,r
(T,jOETY

s QuuN*1O 4 Q, uNo
c
2

2 ’ Vd,rv)(T:j:{J) + <C )

QhuN+1,0 + QhuN'o
,6ﬁvd,rv> ~ ( z b(un®). Vg, V)
(T‘jﬁg)

QhuN+1,0 + QhuN'O QhuN+1,0 + QhuN,O
—< 5 Vd,rb(uﬁ),vo - 5 Vd,rb(u,’;’),éﬂvd,v
(T,j.f) (T,j6)

N+1 _ ..N N+1,0 . N0
ulN+tt —y u —u

N,0 h h h h N,0

- (a(uh WVar — ,v) - (Vgr — b(up”®), v)

N+1,0 N,0 N+1,0 N,0
uh - uh N 0 u’h - uh N
_ <f v, b, v > - <f v, b)), 86V,

N+1,0__ N0

Up Up 0 ug+1,o_u%0 S8V
e t——1 v )+ c b—" 5BV, v
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P N+1,0 P N+1,0 N+1 N N+1 N
= — <‘Llah—ty vo - ‘Ltah—t) Sﬁvd,rv + %l UO + %’Sﬁvd,r‘u
N N N N
FN+14r 0) + (f M 5,8Vd,rv) in the equation (6.2) obtain

Replacing (T,v =

N+1 N N+1,0 N,0
N0 Qhu + Qhu Qhu 4 Qhu ’
(a(up )Var 5 ) Vd’rv)(T, o Tlc > ,v°
(T,j,£)ETH (T,j,0)

QhuN+1,0 + QhuN,O QhuN+1,0 + QhuN,O
+ <C , S,BVd,rv el { > b(u%o)’ Vd’rv)(T'j'g)(Tj{’)

2 (T'j"e)

QhuN+1,0 + QhuN,O QhuN+1,0 + QhuN'O
_ < v, b)) - . 7, b)), 6 Vayv
(T'j’#)

2 (T’jig)

N+1,0 N+1,0 N+1,0 _ . N0
duy, duy u, U —uy
— 0 h h 0
=— , VY | — ,0BV .V U

( at ) ( gt OFVar ) * < T >

it

uN+1,0 _ 'LI,N'O
+ <%, 6[3Vd‘rv> + <a(ug’0)vd_r T, Vd,rv >

N+1,0 | . N0 N+1,0 | N0
uy T+ ) NO uy T+
—<—2 b(up®),Va,v | — - v, b)), v°

N+1,0 N,0
+uy,

N+1,0 N,0
u T4uy’
- (u Vb)), Sﬁvd,rv) + (e v

2

N+1,0 N,0
2

which leads to the error equation for the Crank-Nicolson-Petrov weak Galerkin scheme (6.2):

+(c 0BV arv)

9N+1,0 _ QN,O 8N+1'0 _ 9N,0
(20 ) (20 )
9N+1,0 + HN‘O 9N+1,0 + 9N,0
+(a(ug’0)vd,r f,vdrv + cf,v0>
0N+1,0 + HN‘O 9N+1,0 + HN‘O
(2 ) (250 g,
9N+1,0 + QN,O QN+1,0 + HN’O
N 0 N —
—_ (f Vd,rb(uh )Fv ) - <f Vd'rb(uh)’6ﬁvd,rv> -
QhuN+1,0_ QhuN,O B au1,¥+1‘° 0) (QhuN+1,0_ QhuN,O B auﬁ“"’ . )
( ° 0 ' L 5V, v) m
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2
Lemma 7.2: (Abdullah and Kashkool , 2023) For any u satisfying % € P;(T°) , we have

T TN+1
<53)
12),,

7.2: The fully-discrete Petrov weak Galerkin finite element scheme's L? error

estimates.
Lemma 7.3: Let 8V*1 be the error estimate equation (7.1) and o, be a constant. Then we get

19%2112 < o3 16V 1112 + (22 + 7+ OUOMOY? + (22 +3) |94, 6" +

a2ul®
a2

uN+1 _ uN auN

T ot

ds,

a2u|?
a2

(@ + D)V V|| + 2 [ 23] s, (7.3)

TN

Proof: when we use v = 8" in the equation (7.1) we get

9N+1,0 _ HN‘O 9N+1’0 _ HN’O
(£ )y (22202 e )

eN+10 4 gN,0 gN+10 4 gN.0
+(a(ug,0)vd,r (f, Vd,r9N> + <c f’ 9N,0>

9N+1,0 + HN‘O 6N+1'0 + 9N
+ (cf, 6ﬁvd,r6”> - (% b(uif"’),vd,re’v>

9N+1,0 + HN’O 9N+1'0 + HN‘O
- <f v, bud), 0”) - <f v, b, 6ﬁvd,rew> -

Q10— Qu qulV+10 g0\ 4 Q10— QU qul 10 587 N
T at '’ T ot 7 ar

The equation above can be rewritten as follows, we obtain

[(9N+1,0 _ BN’O), HN’O] + [(9N+1,0 _ 9N,O) ) Sﬁvd,reN]
9N+1,0 + BN’O 0N+1,0 + 9N
0 (O g ) (O )

2 2
9N+1,0 + HN’O 9N+1,0 + HN’O
- (Tf Vd,rb(u,’Y),eN) - (Tf vd,rb(uﬁ).dﬁvd,re’ﬂ

0N+1,0+9N,0 N O QN+1,0+9N,0 .
+|re——F—— 8" | + (e ————, 88V, 6" | =

QhuN+1,0_QhuN,0 . aul’:""l,o N’O QhuN+1,0_QhuN,0 _ augﬁ'l,ﬂ . N
(T( e a1y, M0 4 (oL ) 587,60

Suppose the above equationis Y5, F) = F©)

By using by Cauchy — Schwartz inequality and Young's - inequality, we get;
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1
|F1| SleeN'O”Z'*' ||6N+1’0||2+)l||9N‘0||2

1 2
|F2| < SIIOVF0)12 + = ||BVa, 07 || + sall6M°||?
2

3 72 N0v ]2 N2 vz AT N0y |2 N2
3 < T )10 + 170,01 + 25 )7,

72 72
1741 < 3 loGa ) I0ar 6”1 + 16202 + 1 [1b ()1, 67 + 6V 0112
5l < ﬁ N0y (I N||? N+1,0((2 ﬁ N,0Y[|2 N2 N2
[F5] < 8 2 Q) 18Var OV " + 1620112 + 6 [|b ()| "1B. Va8 [I” + l1E™I

72 T
|Fe| < 61_6”6”2”61\,‘0”2 + [|oN*FLO|12 + 5||C||/1||,5’-Vd,ré”v”2 + |6M-9]|?

L 2 0 4 2 1
IF7] < 8 - llelPl|B-Var V" + 16N+ 0UP + S Tllclia]|B. Ve, 67| + 5 16™0)12

by young’s inequality and Lemma (7.2) we obtain,

T TN+1 azu 2 TZ
F8 <— —| ds+—116"°]|?
Plsg) (| de+ e
T [N+ |92y ) 2
|F9ISEf 57 ds+T||ﬁ.vd,r0N||
N

Then the above equation is
1 1
210212 + 16V 2212 + A[|6V |12 + 5116™ 20112 + 5 |8V, 60" || + SAlI6™ |12 +
72 2 2 2 AT 2 2
e laCr ) 1Var O™ + 1Var 0¥ + 2 laCur ) 1Var 0™ +
v’ N,0Y||2 N||? N+1,0||2 v N,0Y (|2 N2 N,0|12
Te I 1Var 0™ + 6™ 102 + = {[b ()| [|Va 0™ + O™ I
v’ N,0Y||? N||? N+1,0|2 v N,0Y (|2 N||? N,0)12
8§ e IbCur ) 1BVaro||” + 16™ 2012 + & = [|b(wy )" [|8- Var 6] + 6™ I
2

T T
Te el Ne™2N= + 17012 + S llell AN 11* +

T’ 2 N26N+1026 Noyz 4 L N||?
81z IclZ[|B. Va 0N + Z 167 10N2 + ZzllclANOM N + 2|8 Va, 0™
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T [TV |92y)° 72 )
I e A A R A O
N
2 2
So, Ve, 0" ° < [S=2= @+ DA-Zlcll? = (1 + 8)ZllclA]

16 + 36 ‘[2 3 2 T26 5
—( 2 )II@’V*L"II2 +165z =768 —87Ib(uy )" = 7 b (u )|

72 A
~1e MellB-Var 0| ~ (22 la(ui )" + 5 laCui )" + by )" +

2

ds,

0%u

28 2 2 T [TN+1
L TR

Hence

3
10N+ < GyRIOV1OI? + (22 + 7+ OTONN + (72 + 7 890" +

2

ds, ]

0%u

(% + T)”Vd,rHNHZ T FTel

6JTN

Where, o; = max(—22%,2,22 2, -1V 3 5 _5]|6(u0)|1°, - < [|b(uy®)II"

2
=2 a1 =S laGa I = Ne G ) 55 b )} o and &=(1+)

7.3: The Fully-Discrete Petrov Weak Galerkin Finite Element's H! Error
Estimates.

Theorem 7.4: Let 8V*1 be the error estimate equation (7.1) and o, be a constant. Then we get,
167412 + [V, 872 < o [16Y 20112 + 1670112 + ||V, 6™ || + [|V, 6"

a2u|?
a2

+][894, 0" + X [ ds, (7.4)

N+1_9N

Proof: when we use v = . in the equation (7.1) we get
9N+1,0 _ QN,O 9N+1,0 _ HN'O 9N+1,0 _ HN'O 9N+1 _ QN
t(———— 6BVgy —— )

)

T T

N.0 9N+1,0 + 9N,0 9N+1 _ 9N 9N+1’O + 9N,0 9N+1,0 _ 9N,O
+(a(uh )Vd,r f,vd’rf +|c > B -
9N+1,0 + HN'O 9N+1 _ HN (QN+1,0 + HN) No 9N+1 _ HN
¢ 8V, ) | - —b(1,), Vo, (——)
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0N+1,0 + GN'O N 9N+1 _ 9N 9N+1,0 + 9N,0 N 9N+1 _ HN
(V" _b(uy), - > Vo, b(uh) 6BVy, ———| =
(QhuN+1,o_QhuN,0 _ aug“"” 6N+1'°—6N'0> + ( QhuN+1,0_Qhu1v,o _ augﬂ,o_' 6[3 v 9N+1_9N>
T at T at dr T

rewritten the above equation
((9N+1,0 _ 9N,0), (9N+1,0 _ HN’O)) + (6N+1‘0 _ HN’O, 6ﬁ . Vdr(6N+1 _ HN)

0N+1 + HN 9N+1,O + QN,O
<m(u’,¥'°)vd,r— v, (0" -6V |+ | tc————, 6" -9V | +

2 ldr 2
9N+1,0 + QN’O
(rcf, 8BV g (ON+T — eN)> - (r

( 9N+1,0+9N,0
— ’l’—

6N+1‘0 + HN’O
— Vb)), (0" - 9N>

5 Vd,rb(uilylo)' 0N+1,0 _ 0N,0>

9N+1,0 + QN,O
_ (T—

2 Vd,rb(uﬁ): Sﬁvd’r9N+1 —_ 9N> —

N+1,0 N,0 N+1,0
(T( Q,u -Q,u ouy,

, 9N+1,0 _ eN,O
T ot ) > +

T at
Suppose the above equationis Y8 , F® = F® 4 (10 (7.5)
By using by Cauchy — Schwartz inequality and Young's - inequality, we get;

N+L,0 _ o N0 N+1,0
<r< Quu + Q,u B ou,, ) SB-V, N1 _ 0N,0>
] d,T'

[F] < 216V 10117 + A|l6"°]|?
1 16
IF2] < 5|0%*++0)12 + Zéllﬁvd,re”ﬂllz + 8211001 + Tllﬂvd,re’vllz
1 2
IF3] < A 10"+ 12 + Sfla(u )| [|Va,0"()

T T
IFEL< 5 Nellllo™ 2217 + = lellllo™11®

72 2 0 0 2 1
|F5| < 5E||C||2||ﬁ.vd,r91v” +Z||9N+1’0||2 +ET||C||0'||ﬁ.Vd,r9N” +Z||9N’O||2

1751 < S5 IGO0 + 90,0 + T2 o)™ 17 + o, 0%

T
=16 1_6|

IF7| < %||vd,rb(u2“'°)||2||9N+1'°||2 + g Ve b ()| 1167212
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6
T | R R A ey A A

T )
+5[19arb ) N6V + 7 |18 Var 0" |
By using Young's — inequality and Lemma (7.2) we get;

0%u 2
at?

T3 TN+1

< A6 a]|en) + )

ds

2
0%u

Fds

5 2 ‘L'3 TN+1
F2O1 < A4|B.Var 0" 0" + Aul|B. Var OV||" + = f
N

Then, from the above equation, we get;

1
MO0 + ZIGMOI + SI16M 1O + 2 5]|8V4, 0V + 6216M° 12

16 1 2
+ = 1870, 0" + eah V0,071 + S 2l [V 0" +

E N+1,0)2 E N,0[|2 ﬁ 2 N||? é N+1,01|2
el 20112 + = lcll%112 + & = llell?||B. Va, 6V + 7 167 +22]
(1) ) T
+ 2 lellol| . Va0 *+ 7 18 9ar 0™ | + 2 i) 16" 1012 + ]| 70,67
T T
+ 2 I ) N6V + [[Va, 07 + 5[V b ()| 16"+

0
+ % ||Vd,rb(u,1;"0)||2||3N,0||2 + % Ibu)||?|oN+10])2 + Z 8. ler9N+1”2

2
0%u

Fds

T N0\ [I%11aN,0(2 N+1,02 N,0|2 L
+2||Vd,rb(uh )| nevenz < alle I+ Al[6™° +_6
T

N

2
0%u

Fds

2 2 T3 TN+1
#2218 Tar 00 4 Al 0"+ 5 |
T

N

2

ds

0%

50, A2 ||V, 08 + 1| Vg, 007 < Z [ o

2 VTN

T T2 T2 2 T
—-(A+ 46+ E”C” + 5§||C||2 + 1_6”b(u2]0)” + (Ellb(uf’f)llz + =) ||eN+10]|2
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2
~(h+ el + 83 lelio + = [ + 5 I + 5 [Va,b (s ) = )

5 1 ’
167017 = (55 = 1) 18-9ar841F - ( 3ellali )|+ ) Ivar”

+24)|8. Va0
Then, [[V4,6" 3| + [[V4,6™0|" < o1 h[IIBYV*10112 + [18%0]12 + || V6710

2
0%u

Fds

73 [TN+1
Hvaro| + 5 [
TN

2 2 2
Where , 01 = max{—&,—%”c”,—( 5%”0”2 + I—GHb(uﬁlo)” + %”b(urIY)”Z),
T T T 72 2 T
-3 IbuDII* + 4, _(EHC” + 5§||C||20 +1_6”b(u’1¥'0)” + > IbCup)II? +

T 5 1 2
IO, = 38,20~ (FllaGd O + 7).~

7.4: Estimates of the L2 — Normal optimal order Error

In this subsection, we determined the optimal order error estimate in the L%-norm for discrete
time Petrov weak Galerkin finite element methods.

Let uM*1 € HY (Q) n H? (Q) and m,u™*? denote the elliptic projection of u} ** on to finite
element space 2.

Theorem 7.6: Assume that there is a constant  and that the precise solution of equation (7.2) is
so regular that uV*! € H**1(Q). Then

N6V*10012 < n h[(X + IO 012 + (1 + DIIOVO> + (1 + T2)||Va,r‘9N||2 +
||,B.Vd,r9N||2 + 72 ||7Tth,ruN||2 + 22||mpul¥ 10|12 + (22 + 1) ||mpuN 0|2 (7.6)
Proof: in equation (6.2), choose u¥ = m,u" and u)y = Q,u"respectively

N+1,0 N,0 N+1,0 N,0
( 00 )+ (

- 8BV, V) +

N+1,0 N,0
. uptt +uy . Thy "+
a(u)my, - — arV ) t\c > U

N+1,0 N,0 N+1,0 N,0
+|c > ,0 - Vd’rv — > b(uh ), Vd,rv
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B <T[h uﬁ+1‘°2+ nhuﬁ"o v, b(ul), v°> _ <7Thu;1:,+1'02+ nhuilyjo Vd,rb(ufly)' 58 Vd,rv>
= (w,vo) + (W,&ﬁ - Vd’rv) Vv = {0, vl e P2 (7.7)
and, (Qhugﬂj_(‘?hul’ylo,v") + (Qhul’YH’:_Qhu%O 5BV, V) +
(a(u) Vs O u,’)’+12+ Qnt 7, rv) + (c On u,’1’+1’02+ Quity” , v°>
n <C Qhugﬂ'(’; Qhufly’o 58 - Vd,rv> _ < Qhu;'lv+1'°2+ Qhurl\['o buM), Vd,rv>

N+1,0 N,0 N+1,0 N,0
B <Qh uh+ + Qnuy, v bw) v0> _ < Qhuh+ + Qruy
d,r ’

5 5 lerb(u),Sﬁ . Vd‘rv>

N+1_ ¢N N+14 ¢N
= (f—2+f ,v") + (f—2+f 6BV, v)  Yu={n0 v} e Pl (7.8)

we get by subtracting equation (7.8) from (7.7)

N+1,0 N,0 N+1,0 N,0
TpU, — — TpU,’ Qnu, 7 — Quuy’
( h h ,v°>—< L w0+

T T

N+1,0 N,0
Qnuy, — Qnuy

T

N+1 N
6BV, V)

,Sﬁ-Vd’rv>—(

U gyl
2

N+1 N
uN*tt 0, u
Qn up Qn h'Vdrv>+

N,0
,Vd’rv> - (a(Qhu )Vd'r >

+ (a(nhuN'O)nthr

N+1,0 N,0 N+1,0 N,0
T Up, + mhuy, 0 Qn uy + Qnuy 0
c > v —|c > U0 |+

N,0 N+1,0

N+1,0
ThU T+mhu Qpu
(c h h ,Sﬁ-Vdrv>—(c h

2

N,0
+Qhuh‘ .
SO 5 7,,v)

N+1,0
( Uy,

N,0 N+1,0
+ mTuy’ Uu,
5 hoh b(nhuN'O),Vdrv>+<Qh h

— Qnup”
. b(Quu"),V, v |-

N+1,0 N,0 N+1,0 N,0

Ty, U T+ TTRU, ThU Y= TRaU,’

( hh hhop rb(uN),vo)—< hoh hoh Vdrb(uN),S,B-Vdrv>+
] ‘L' ) ’
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Q uN+1,0+Q uN,O Q uN+1,O+Q uN,O
( h Up : hUp nth’rb(uN),vo) +( hUp : hUp Vd,rb(uN)'(Yﬁ'Vd,rV) =0 (7.9

rewrite the equation (7.9) anduse v = @Y = mu — Q,ul , we get;

(OVF10,6M0) = (90,60 ) + (0" 0,657, 0V ) = (6V0, 687,67 ) +

9N+1

(Ta(nhuN'O)Vd‘rT, Vd'THN) + (TC’#, HN’O) + (TC

9N,0 N
—,58-7,.0 )+

9N+1,0 9N+1,0 QN
N,0 ) N N,0 _ N
(TC > ,0 ) + (TC’ > 6BV, 0 ) + <m(nhu w ,Vd’rH )

d,r 2
a( mpu?) — a(Quu™?)
+ <T < 5 Ty, Vd'ruN“, Vd'rBN +

( a( mu™?) — a(QuuM?) )
7( -

N N
> )T 1N, 7, 0

9N+1,0 BN
(T 5 b(muM?), Vd‘r9N> - (TTb(nhuN’O), Vd’r9N> -

b(m,u¥% — b(Q;, uM°
(T( (rpu™®) _ (Qn ))nhu,\,ﬂjol Vd,reN)

< b(Tl,'hU,N’O) _ b(Qh uN,O) 9N+1,0
T

5 muo, Vd,THN —( nth’rb(uN),HN'(’)

N,0

9N+1,0
- (T 5 m,V, buN),6B- Vd'r0N> - <T nthrb(uN),GN")) -

N0 b(m,u™) — b(Qy uV
<TTnth rb(uN):5B . Vd'r9N> _ <T‘7 (T[h ) (Qh )T[huN+1'0, QN‘())

da,r 2
B (TVM b(mau™) - D@ | naro 55 Vd'r9N> _
TVd,r b(m,u™) ; b(Qnu™) n_—y HN'0>
_ (Tvd,r b(m,u™0) ; b(Qy, uN?) Y'Y Vd,r0N> (7.10)
Suppose the above equation is YR FO =0, (7.11)

By using by Cauchy — Schwartz inequality and Young's - inequality, we get;

1
FL<lo"*1012 + 2 16V0)2,  F2 < oM
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6 6
F2 < [10M10)12 + ||V, 0M|["  F* < 16™112 + 2|8 Ve, 0" ||

2

2 T
FS < aye?|| Vg, 0V + 207 IOV 0N FO < = llelPllOVF O + (1ol

72 ) 2 T
F7 < E”C”Z”HNH‘O”Z +Z”ﬁ-vd,r9N” ,F8 < E||C||||19N’O||2

6
F2 < 2 lcllIoV117 + 7 184, 6" " F*° < a2 [V, || + 2[[Va,r 6"

T
2

1B (mpu™ )|

F11 < 72 ||Vd,r9N||2 + [lN+Lo)2,

1B ()|

IV 0| + ™02

F*? <12
F13 < ayr2||muul+10|[2 + 2[|v,,0M||°

2
F14 < O(4T2||7ThuN’0||2 + zllvd,rHN” ,F15 < ‘572”91\”1'0”2 + ”0N,0”2

2
F16 < T2 ”nhvdﬂil;(ulv)” ”9N+1,0”2

F17 < (X5T2”T[huN+1’0”2 + 2”9N,O”2

o
+ 11670112 + 2[|8. Vo, 0"

é 2
FY < gm0 + 107011 + 18,6

F1° < a2 lmyu |12 + 21670

N 2 V..b N 2
F20 < TZ <”lerb(nhu )” )lln_huN,OHZ +g”ﬂ-vd,r9N”2 +T2 (” dr (Qhu )” >||7rhuN'°||2

16 16
Then the above equation becomes, we obtain;

1 10) 2
|ON+10]|2 + 2 16M-0]|2 4 £[|6N-°]|> 4 [N *+10]|2 + 2 18- Ve, 08| +

S 2
159112 + 2 18. 70V [ + ca?]| V™ [|* + 207118V 12 4+l Il + 02

72 ) 2 T
+116M°]1% + 16 llcll?]|oN*10)1% + Z”,B-vd,reN” + > liclle™N-°]1% +

373



l{ MISAN JOURNAL FOR ACADEMIC STUDIES
=\ Rl HUMANITIES, SOCIAL AND APPLIED SCIENCES MJAS
Misan Joarnal of Acudemsie Mudies \/O‘]LE 25 ISS/UE 59 SE‘P,ZOQG

T §
el + 2 [18-Var 0| + cor? [V, || + 2[4, 07| +

1B (pu™)I?

, b (pu™0)||?
t 2

. V0,6 |1° + llo™02 +

||Vd,r9N||2 + |V 10|12 4 £2

s T2 |+ 1012 + 2|V, V|| + aur?llmyul 0|2 + 2||Vy, 07| +

||7Tth,rb(uN)||2
16

2

)
fT2||9N+1’0||2+ ||9N'0||2+‘[2 ”0N+1,0”2+”9N,0”2 +Z”ﬁ-vd,r0N”

o) 2
+asT?||mpuN T2 + 2(|0M 012 + agT? |y uN 012 + [|6N 0|12 + 2 18.v4,6" ||

”Vd,rb(nhuN) ||2
16

é 2
+a; 72| mpu™ 0% + 210N )| + < ) ||z 1> + 5 [18.v4,6" |

[Varb(Quu™)|”
2 )
+T <—16

)II?ThuN'OII2 <0
So, ARTUOYHZ < - (3+ T lel + §7% + 7¥|maVa, b)) 11671012
41 2 5
(G €4 el ) 6" - (car® + 6.+ 2 Ib(mautIP) |a,6" || —
70 N2 2 N|I? 2 N+1,0]|
() 18- 900" = P Ve - (o5 + )72 T+ 2]|"

72 ”Vd,rb(”huN’O)”Z + 72 ”Vd,rb(QhuN’o)”Z)l

2 N,0[|2
(0 T4 + 07T + 16 16 [ u™P|
Then
2
107+212 < R[(1 + e)HNOV0)12 + (1 + DIIOVO)12 + (1 + 2)||Var 0V +
2 2
||,8.Vd,r9N|| + 72 ||nthlruN|| + 22| uN )12 + (22 + 1) || u ]2 m
2
Where1 n= max{—3, _@! _61 _”b(nhvd.TuN’O)”z’ _%' _w - Ei —”C”, -,

6, — b2, 2, —ay, —(as + ), —(2 + g + [|[Var b || + [V, b Qe )]|)}/2

7.5 Estimates of the Optimal Order Error of the H! Norm.

In this subsection, we determined the optimal order error estimate in the H* norm for discrete
time Petrov weak Galerkin finite element methods.

Assume that uM*! € H} (Q) n H? () and m,uM** represent the elliptic projection of u}) ** on
to 2 finite element space.
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Theorem 7.7: Assume that a constant n, exists and that the exact solution of equation (6.2) is so
regular that uV*1 € H¥+1(Q) then

16420112 4+ |94,V | < myh[e (Va2 |° + Vgl |° + [1 47+ 22]1107 20| 2
+22)|0V0)2 + [|B. V., 0V || + 72|V, 670 + (1 + TDNI6N0)2,  (7.12)
Proof: Rewrite equation (7.10) and using v = OV+10 = 7, uN*1 — @, uN*1, we obtain;

N+1 N+1
(ON+10 gN+1,0) _ (N0 gN+10y 4 (0N+1,0’ 5ﬁ'vd,r9 + ) _ (QN,O'aﬁ.vd’re + ) N

6N+1 HN,O 01\],0
<‘L’a(7rhuN'0)Vd_r > ,Vd,rHN-H) + (TCT, 9N+1’0) + <TCT, 50. Vdr9N+1> +

gN+10 gN+10 gV
(‘L’C 5 ,9N+1’0> + (TCT,é,B.Vd‘rHNH) + (Ta(nhuN'O)Vd,rT,Vd’TBNH)

( a(mpu™?) — a(Quu™?)
+\| T

- V1,V 0" “) +

N+1,0

N,0Y _ N,0 0
(Ta(nhu )Za(Qhu )nhvd'ruN,o’vd'reNH)_(T

b(myu®), v, 0" +1) -

N+1
ﬂth,ruN“'O, vd,re ) —

N,0 N0y _ N0
(THTb(T[huN'O), Vd,r8N+1> _ (Tb(nhu ) _ b(Qnu™”)

N+1,0

b N,0 _b N,0 0
(T (mpu™") = b(Qpu )ﬂhvd,ruN'O'Vd,reNH)—(T

. 1V b, 9N“'°> -

g0 N+1 oM N+1,0
(‘L’ 5 mpVarb@W"), 6.V, 0 > — (TT T Varb(w), 0"~ )

N0 b(mu™) — b(Q u"
— <TTnth‘rb(uN), 6ﬁ Vd‘T9N+1> - <Tvd'r h ( b )nhuN+1'0, 0N+1'0

2

Ny _ N
Tvd,rb(nhu ) - b(Quu )nhu,\,ﬂjol 6:3'Vd,r9N+1) _
Ny _ N N0y _ N,0
(‘L’Vd_rb(ﬂhu ) _ b(Quu )' 9N+1'0> . <Tvd,r (b(mpu™®) _ b(Qnu )),Sﬂ.vdr9N+l>
Suppose the above equation is B FO =0, (7.13)

By using by Cauchy — Schwartz inequality and Young's - inequality, we get;

1
Fl < p||9N+1'0||2 JF?2 < Z”9N,0”2 + ”9N+1,0”2
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0 8
F2 < |0M10)12 + 2 [1B.Va, 07" F* < 116V O117 + 2 [|B. V4,6

2
F5 < 2 llaGuu O] Va, 0"+ | + T2 llaGrau ) 12 7y 0| + || Va6

2

Fé < —
_16|

2
T o 2
P12 + 19%+ 10112 F7 < T cl20N01 + 5 [18. 90,67+
T T b)
Fo < 2 llcllIoN 012, F* < S lellllo™ |12 + |6 V67

F10 < 0,72||m, Vg, ul*2||* + 2AR2[|0N+1)2

F11 < 0,72||Vg,uM||* + 2AR-1||oN+1)2

N,0V |2
F12 < Tzwllel\"fl.ollz + ||Vd‘r0N+1||2
N0 (|
F13 < TZMHHN,OHZ + ||Vd,r0N+1”2

F1* < 0372(|V4,0"||° + 0¥ 1001, F15 < ©,22(|V4,6"|° + (1671012

2
F'¢ <72 ”nhvd'rl;gulv’o)” |oN+10||2

2
17 < 42 ”ﬂhvdﬂ”féulv'o)”

+ ”0N+1,0”2

F ||[eN+10||2 +%”ﬁ-vd,r9N+1”2

”T[hvd rb(uN’O) ”2
18 2 )
F**<1t Te

LA
16

”9N,O||2 + ”9N+1,0”2

Po s 67017 + 3 18.74,6™ |
F20 < ®5T2”Vd,r9N”2 + ||9N+1‘0”2,F21 < ®6T2||vd,rgN”2 +§||B.Vd,r0’v+1||2

P22 < 0,120, 0% + 197+ 1012, F2 < 0372 [9,,0” | + 5 6.9, 6™
Then the above equation becomes, we obtain;

N,0\[|2
4_)Lh—1”0N+1”2+ T||7Tha(u )|| +2 ”VerNﬂ”Z <
2 ]
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lmb QNP 7.V, b )|

9N+1,0 2
. = oo

p+9+ tlc| + 12

2
L+ 1_6 lell? + 2 IInhvd,rféu”"’)ll 1o ||nhb(12ﬂ'°)||2
LA
16

l|6M-0||2 — 25||ﬁ-vd,r9N+1”2 _

2 lla(rpu™)?

1+ 2| [[V4,6" " = 0172 [V, u | - 0,77 | Vg
Then
161012 4[|V, 082 |* < myh[e2(|mn Ve, |* + [[Vapuld ||+ [1+ 7 + 22116V 4202
+12]| N1 4 ||B. V4, 08 2| + 2|V, 00|F + (1 + T)16M0)12,  m

2 2
b @O Va0
2 ’ 16

Where! n = maX{—Gl, - 92) _(p + 9)) _”C”)

2
a1 5 el Jmlab@O im0
’ 16 o R P 16 ’ 2 ’

V.. b N,0y(|2
_ d,r16<u W 53 /minga A,[nnha(zzl )]

and‘ll:@3+®4+®5+®6+®7+@8

+ 3]}

8. The Numerical Results: We offer the Petrov weak Galerkin finite element approach to
show its effectiveness and dependability in tackling non-linear convection-diffusion situations. a
numerical example. All computation are performed using MATLAB. The equations (1.1-1.3)
are examined here (Saadoon,. 2020 ).

Z—IZ—V.(EVu)+u-Vu+cu=f, Q x (0,T], (8.1)
u(x,t) = 0: I'x (0,T], (8.2)
u(x,0) = u’(x); x€ Q, (8.3)

The uniform triangular partition is used in the example, and the spatial mesh size is indicated by
(h=11/2; 1/ 4; 1/ 8; 1/16; 1/ 32). Calculate f and g by computed from exact solution for
Q=10,1]%

u(x,y,t) = e x(1 —x)y(1 —y).
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We used "e = 0.0001,t = 0.2, At = 0.001" We determined the error value in table 1 and
showed the order error scheme in fig. (1). Figures (2) give the PWG numerical solution and exact

solution for the mesh size h = %
Table 1: H' — error and L? — error witht =0-2, € = 0-0001.and, At = 0.001

H H' —error | H' — order L? — error L? — order
1 0.07601 0 0.08721 0

2

1 0.03994 0.928354 0.021809 1.999569
4

1 0.02123 0.911729 0.005491 1.989782

8

i 0.01129 0.9110588 0.00138 1.992400
16

i 0.000598 0.9168280 0.00034 2.001061
32

H' — Order error L? — Order error
I el 5. Sl
b "‘ﬂ“ 10° "B\\
10 \‘EL\ ~‘|3\
LI ..“EI.._‘ 10 & "“\E
" TEL e \“a ‘\“*a
2 = -*.‘ 10 "\‘
S R

10° ) ‘# 10 ‘\$ ~

[ind | \"t

10

° °
o 2 g9
2 o N
I ]

(b) Numerical solution

2060 0 S SO
020086205
LRI

°
Q
&

(a) Exact solution

x-axis 0 o

y-axis

Fig 2. (a) PWG exact solution with e = 0 - 001.

(b) PWG numerical solution withe = 0- 001 .
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9. Conclusions:

In this paper, we provide the Petrov weak Galerkin finite element method , which includes the
Crank-Nicolson strategy for solving a non-linear equation and the stabilizer of weak functions.
issue of convection-diffusion. We have established that the error equation and convergence rates
are optimal in the H* and L?norms after analyzing the stability. The theory has been validated by
numerical examples, and the Petrov weak Galerkin method's flexibility and convergence lead to
accurate approximations to the solution.
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